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1. Introduction 

In jVlj and [V2], P. Vojta conjectured that 

Conjecture 1.1 (1 + e Conjecture). Let tt : X ^ B be a flat family of 
projective curves over a projective curve B with connected fibers. Suppose 
that X has at worst quotient singularities. Then for every e > 0, there exists 
a constant Ng, such that 

(1.1) u:x/B ■C<{1 + e){2g{C) - 2) + N,{X, ■ C) 

for every irreducible curve C C X that dominates B, where oox/b ^he 
relative dualizing sheaf of X/B, Xb is a general fiber of X/B and g{C) is 
the geometric genus of C . 

Remark 1.2. From the number-theoretical point of view, one can think of 
X as an algebraic curve Xj. over the function field k = K{B) and the multi- 
section C C X as an algebraic point pc on X-^ = X^ ® k. The logarithmic 
height h{pc) and discriminant A(pc') oi pc are defined to be 

(1-2) Kpc) = . "r.:^.... and Hpc) " '^^^^ " ' 



deg{K{C)/K{B)) deg{K{C)/K{B)) 

respectively, where deg{K [C) / K {B)) = X^-C, obviously. With these nota- 
tions, (jl.ip can be put in the form 

(1.3) h{pc) < (1 + e)A{pc) + N, 

Note that the definition of the height h[pc) depends on the choice of the 
birational model X of Xk- However, it is not hard to see that (|1.3p holds 
regardless of the choice of the birational model (see below). 

Vojta proved that (II. ip holds with 1 + e replaced by 2 + e. This con- 
jecture was settled recently by K. Yamanoi [Y]. M. McQuillan later gave 
an algebro-geometric proof in [M]. However, we find his proof quite hard to 
follow. Inspired by his idea, we will give another proof of this conjecture and 
generalize it to the log case. Compared to his proof, ours is more elementary. 

It turns out natural to study a (generalized) log version of the 1 + e 
conjecture. For a log variety {X, D) and a curve C C X that meets D 
properly, we define ixiC,D) to be the number of the points in i'~^{D), 
where ly : C ^ C C X is the normalization of C. 
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Conjecture 1.3. Let ir : X ^ B be a flat family of projective curves over 
a projective curve B with connected fibers. Suppose that X is has at worst 
quotient singularities and D C X is a reduced effective divisor on X. Then 
for every e > 0, there exists a constant A'g such that 

(1.4) {ujx/B +D)-C<{1 + e){2g{C) - 2 + ix{C, D)) + N,{X^, ■ C) 

for every irreducible curve C C X that dominates B and C D. 

2. Reduction to (P^ x B,D) 

As a first step in our proof, we will reduce Conjecture 11.31 to the case 
(P^ X B,D). This is also what was done in Yamanoi's proof [Y] . 

It is not hard to see that (jl.4p continues to hold after applying birational 
transforms and/or base changes to X/B. That is, we have 

Lemma 2.1. Let tt : X ^ B and D be given as in Conjecture I 

(1) Let f : X' X be a birational morphism and D' be the proper 
transform of D under f. Then (jl.4p holds for {X,D) if and only if 
it holds for {X',D'). 

(2) Let B' ^ B be a finite map from a smooth projective curve B' to 
B, f : X' = X Xb B' ^ X be the base change of the family X and 
D' = f-\D). Then ([HI) holds for (X, D) if and only if it holds for 
iX',D'). 

The constants for {X', D'), though, might be different from Ng, for {X, D). 

Proof. For part (1), it is enough to argue for X' being the blowup of X at 
one point p. Let C C X' be the proper transform of C C X. Then 

(2.1) {oJx/B + D)-C= {oJx'/B + D' + rE) ■ C 

for some constant r, where E is the exceptional divisor of /. On the other 
hand, we have 

(2.2) E -C <Xl-C' = Xi,-C = deg(C) 

where X'^^ and X^, are the fibers of X' and X over a point b G B, respectively. 
Consequently, 

(2.3) I {ljx/b + D)-C- {ujx^,b + D')-C'\<\r\ deg C 
Also it is obvious that g{C) = g{C') and 

(2.4) \ix{C,D)-ix'{C',D')\<E-C' <deg{C) 

Then part (1) follows from ([23]) and ([23]). 

For part (2), let d be the degree of the map B' ^ B, R C B' be its 
ramification locus and fir be the ramification index of a point r £ R. Let 
C = f*{C). It is not hard to see that 

(2.5) \d{oJx/B + D)-C- {ljx'/b' + D') ■ C'\ < ^(//, - 1) deg(C) 

r&R 
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(2.6) \d{2g{C) - 2) - {2g{C') - 2)| < ^(/z, - 1) degC 
and 

(2.7) \d{ix{C,D))-ix'{C',D')\<J2if^r-l)degC 

Then part (2) follows from ([23]) -([22]). □ 

Remark 2.2. We see from the above lemma that (|1.3p holds regardless of 
the choice of birational models X. 

Remark 2.3. If {ujx/b + D)-Xi, < 0, (|1.4p is trivially true. So we may assume 
that 

(2.8) {uox/B + D)-Xb>0. 

We may also assume that D meets every fiber properly. Using the above 
lemma, we can apply the stable reduction to {X, D) and make X into a 
family of stable curves with marked points Xb Ci D on each fiber. The 
resulting X has at worst quotient singularities and lox/b + -D is relatively 
ample over B. 

Proposition 2.4. // ()1.4p fails for some {X,D), then there exists 6 > 
and a log pair {Y, R) such that ()1.4p fails with {X, D, e) replaced by {Y, R, 5), 
where R is a reduced effective divisor on Y = F^ x B. 

Proof. By the above remark, we may assume that X is a family of stable 
curves with marked points X^ H D. In particular, ujx/b + D is relatively 
ample over B. 

Since (|1.4p fails for {X,D), there exists a sequence of irreducible curves 
Ci, C2, Cn, ... C X such that 

(2 9) hm ( (^x/B + D)-Cn _ {l + e){2g{Cn)-2 + ix{Cn,D)) \ ^ ^ 

n~>co \ Xb ■ Cn Xb - Cn J 

Taking a sufficiently ample line bundle L on X, we can map X with 
a very general pencil in \L\. Combining this with the projection X ^ B, we 
obtain a rational map (p : X --^y Y = B x ¥^ . We can make the following 
happen by taking L sufficiently ample and the pencil sufficiently general: 

• The indeterminancy locus of consists of distinct points on 
X, I,^ n Cn = for all n and I^DD = 

• Outside of J^, (p is finite. Let Rx C X be the closure of the ramifi- 
cation locus of (j) : X\I^ Y, Ry = (f){Rx) be the proper transform 
of Rx and 

(2.10) = 2Rx + R^ 

outside of Z,^, where R^f, C X is a reduced effective divisor on X. 

• (j) is simply ramified along Rx with multiplicity 2. 

• (j) maps Cn and D birationally to r„ = (f){Cn) and A = (j){D), re- 
spectively, for all n. 
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Since (/)*C„ = r„, we have 

(2.11) (I)*{ujy/b + RY + ^)-Cn = {ujy/b + + A) • r„ 
On the other hand, 

(l)*{uJY/B + RY + ^)-Cn 

(2.12) = i(l)*u;Y/B + 2i?x + i?0 + <P*A) ■ C7„ 

= i(l)*UJY/B + Rx+D)-Cn + {Rx + R4>) -Cn + D^-Cn 

where 

(2.13) 0*A = D + 

for some effective divisor C X. By Riemann-Hurwitz, 

(2.14) UJx/B = (P*^Y/B + Rx 

holds outside of J,^. Meanwhile, it is obvious that 

(2.15) {Rx + R^) ■ Cn > (r„, Ry) 
and 

(2.16) D^-Cn>iY{Tn,^)-ix{Cn,D) 
Combining (12. Ill) through (12.16p . we obtain 

{ujy/b + iiy + A) • r„ - (1 + 5) (2(7(r„) - 2 + (r,, i?)) 

(2.17) > (c^x/B + Z))-C7„-(l + J)(25(C„)-2 + ix(a,I))) 

- 5{Rx + R4, + D^)Cn 

where R = Ry U A. Since ojx/b + is relatively ample over B, there exist 
constants (3 and 7 > such that 

(2.18) {Rx + R^ + D^)C < -f{LOx/B + D + (5X^)0 
for all curves C dY . Thus, it suffices to take 

(2-19) 6 = \ 

^ ' (l+e)7 + l 

Then 

{uJx/B + D)-Cn-{l + 5) {2g{Cn) - 2 + ix{Cn, D)) 

- 5{Rx + R^ + D^) ■ Cn 

> (1 - 5^){ujx/B + D)-Cn-{1 + S){2g{Cn) -2 + ix{Cn, D)) 

(2.20) _ p^5{X, ■ Cn) 

= (1 - <57) ((^x/B + D)-Cn-{l + e) {2g{Cn) - 2 + ix{Cn, D))^ 

- P-(6{X, • Cn) 

Therefore, 

(2.21) l.m ( + ^' • ^" - (1 + ^"C^"' - ' + "A =00 
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and Proposition 12.41 follows. □ 

In the above proof, we have quite an amount of freedom to choose the 
map X P^. We can make R really "nice" by choosing L and the pencile 
of L sufficiently "general" . 

Proposition 2.5. Let S he a finite set of points on B. In the proof of 
Proposition \2.4[ for a sufficiently ample L and a general pencil a C \L\ that 
maps X --■> IP, the corresponding divisor R = Ry + /S.cY = F^xB has 
the following properties: 

• For every fiber of Y/B, 

(2.22) iy(n,i?) >n-i?-i 

and if the equality holds, b G B\S and Xfy is disjoint from the base 
locus Bs((7) of a; 

• R is a divisor of normal crossing. 

Proof. Let G{k, \L\) be the Grassmanian {V^ C |-^^|}. For each pencil a G 
G(l, |L|), we use the notation (p^j for the rational map X Y induced by 
a and Rx,cj for the closure of its ramification locus. Let : X}, be 
the restriction of (pa- to X}, and let Rx,i7,b = Rx,a H Xh be the ramification 

locus of (pa^b- 

For L sufficiently ample and for each b G B, we see by simple dimension 
counting that all of 

for three distinct points pi,P2,P3 G D H X^}, 

W ■■ 4>a{Pl) = 4>a{P2) = (paiPs) 

2.24) 

for pi y^p2 e DnXb and p^ G Rx,a,b}, 
{a : (Paipi) = (pa{p2) and X^ n Bs(ct) / 0, 
for pi / p2 G 1) n 
{a : (paiPi) = 4>a{P2), where pi £ D n Xb and 

2.26) 

(j)a;b ramifies at p2 G Rx,a,b with index > 3}, 
{a : (pa{pi) = (pa{p2) and Xb n Bs(ct) / 0, 

2.27) 

where pi £ D r\ Xb and p2 G Rx,a,b}^ 
{a : 4)a{pi) = (t)a{P2)-, where pi^p2£ Rx,a,b and 

2 . 28 ) 

ramifies at p2 with index > 3}, 
2 W ■■ (t>a{pi) = (pa{P2) and Xb n Bs((j) / 0, 

where pi ^ p2 £ Rx,<T,b], 
2.30) {c : (p(T,b ramifies at pi 7^ P2 £ Rx,a,b with indices > 3} 

\a : (pab ramifies at pi G Rx a b with index > 3 

2 31) 

' and Xb n Bs(cr) / 0} and 
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(2.32) 



{a : ramifies at pi £ Rx,a,b with index > 4} 



have codimension two in G(l, |L|) and hence (j2.22p fohows. The same di- 
mension count also shows that Yj, meets R transversely for b £ S and a 
general. Hence if the equality in (j2.22p holds, b ^ S. 

Already by (j2.22p . we see that R has at worst double points as singulari- 
ties. We can further show that the singularities -Rsing of R are all nodes. 

Let D = '^Di, where Dj's are irreducible components of D, which are 
sections of X/B by our assumption on X. And let Ao-,j = <j)a{Di) and 
RY,a = 4>(T{Rx,a-)- To show that R has normal crossing, it is suffices to 
verify the following: 

• A(j,i and Ao-,j meet transversely for all i ^ j; 

• Ao-,i meets RY,a transversely for all i; 

• RY,a is nodal. 

It is easy to see that the monodromy action on the intersections A(j,i H Aq-j 
when a varies in G(1,|L|) is transitive. Therefore, to show that Ao-,j and 
Ao-,j meet transversely, it suffices to show that they meet transversely at (at 
least) one point, i.e., 

• there exists a £ G(1,|L|), pi £ Di and pj G Dj such that Ao-^j and 
Ao-j meet transversely at (paiPi) = 4>cr{Pj)- 

Similarly, the other two statements translate to 

• there exists a G G(l, |L|), pi G Di and q G Rx,^ such that Ao-^i and 
RY,cr meet transversely at (j)a{pi) = <Pct{q)] 

• there exists a G G(l, \L\) and q G Rx,a,b for some b such that 
has ramification index 3 at (7 and Ry^a is smooth at (pail)', 

• there exists a G G(l, \L\) and 7^ 92 G Rx,a,b for some b such that 
Ry^a has a node at (paiQi) = </'(t(92)- 

None of these statements are hard to prove. We leave their verification to 
the readers. □ 

Suppose that ()1.4p fails for {X, D) and {C„, C X} is the sequence of 
irreducible curves satisfying (12. 9p . We fix a positive (1, 1) form uj on X that 
represents ci(L) and for every finite set of points S C B, we define 



where U(b,r) C B is the disk of radius r centered at b. Of course, we need 
a metric on B in order to define U{b, r). But it is obvious that the choice of 
metric on B is irrelevant here. Although fuj{S) depends on the choice of uj, 
the vanishing of fuj{S) does not depend on uj, i.e., if fuj{S) = for one uj, it 
vanishes for all choices of uj. And it is easy to see that 



(2.33) 




(2.34) 




a 



for any collection {Sa C B} of disjoint finite sets S", 



ON VOJTA'S 1 + e CONJECTURE 



7 



Let us fix a sufficient ample line bundle L on X and let ^o- : X y be 
the map given by a pencil a C \L\ as in the proof of Proposition 12.51 This 
map gives rise to another log pair (Y, R) with R satisfying the conditions 
given in the above proposition. Let Qa G Bhe the finite set of points b where 
the equality in (|2.22p holds. This gives us a map from G(l, \L\) to B'^ /Sn 
sending a —>■ Q^, where = \Qa\ and /Sn is the space of N unordered 
points on B. By Proposition 12.51 Qa n Qa' = for two general pencils a 
and a' . Combining this with (j2.34p . we see that the set {a : f^iQa) > is 
contained in a proper subvariety of G(l, |-L|) for every r > 0. Consequently, 
the set 

oo ^ 

(2.35) {a : UQa) >0} = \J{a : UQa) > -} 

n=l 

is contained in a union of countably many proper subvarieties of G(l, |L|). 
In other words, f^iQa) = for a very general pencil a. For a very general 
pencil a, Cn are disjoint from the base locus of a. Hence L ■ Cn = Yp ■ Tn, 
where r„ = (l)a{Cn) and is a fiber of Y/W^. In addition, we have proved 
that Xfc n Bs(o") = for 6 G Qcr- Hence foj{Qa) = implies 



(2.36) 




where rj is the pullback of a positive (1, 1) form on representing ci(C'pi (1)) 
and vTy is the projection Y ^ B. By taking a subsequence of {r„}, we may 
as well replace lim by lim. 

We may further apply a suitable base change to Y/B to make Ry into 
a union of sections of Y/B while preserving the other properties of {Y,R). 
So we finally reduce the conjecture from {X,D,e) to {Y,R,6). Replacing 
{X, D,e) by {Y, R, 6), we may assume the following holds. 

Al. D C X = X B is a normal-crossing divisor which is a union of 
sections of X/B. 

A2. uJx/B + D is relatively ample over B. 

A3. For every fiber Xi, of X/B, 

(2.37) ixiXb,D)>Xb-D-l 

A4. There is a sequence of reduced and irreducible curves {C„} on X 

that dominate B and satisfy (j2.9p . 
A5. Let Q C B he the set of points b where the equality in (j2.37p holds, 

i.e., Q = vr(Dsing)) where -Dsing is the singular locus -Dsing of D; then 

(2.38) lim lim | ^ ^ ^ V / w 

where Xp is the fiber of X over a point p and w is the pullback 
of a positive (1, 1) form on representing ci(C'pi(l)). 




8 XI CHEN 

3. Proof of Conjecture 11.31 

3.1. Lifts to the first jet space. Now we can work exclusively on {X, D) 
with (X, D) satisfies the hypotheses A1-A5 in the last section. As in Vojta's 
proof of 2 + e theorem, we start by lifting every curve Cn C X to its 1st jet 
space. 

Let Vtxi^ogD) be the sheaf of logarithmic differentials with poles along 
D and Tx(-logi:>) = 17x(logZ))^ be its dual. Let Y = ¥Tx{-\ogD) be 
the projectivization of Tx(— logZ?) with tautological line bundle L. Here 
we follow the traditional convention that 

(3.1) = Proj(© Sym* E'^) and H^{L) ^ H°{E'^). 
We have the basic exact sequence 

(3.2) -> 7:*Qb -> ^x{log D) VLx/siD) 

Note that this sequence is not right exact; Q.x{^ogD) Vlx/BiD) fails to 
be surjective along -Dsing- 

Every nonconstant map v : C ^ X from a smooth curve C to X can be 
naturally lifted to a map vy '■ C via the map 

(3.3) Prc(-logi^*D) ^ ¥Tx{-\ogD) 

Suppose that u maps C birational onto its image. Then the natural map 
i^*r2x(log -D) — > ^c{\ogu*D) induces a map 

(3.4) v^L ^Qc{^og^*D) 

Obviously, this map is nonzero and i/yL is locally free; consequently, it is 
an injection. Therefore, we have 

(3.5) degv^L < degnc{\ogu*D) = 2g{C) - 2 + ix{HC),D) 
Hence holds if 

(3.6) deg u*y {7T*x {uJx/B + D)-{l + £)L)<N, deg{u*Xh) 
where ttx is the projection Y ^ X. Another way to put this is that 

(3.7) G ■ {uy)*C > 

for a sufficiently ample divisor M C B and every u : C ^ X with i^(C) 
dominating B, where 

(3.8) G = {l + e)L + TT%M-TT*x {lox/b + D) 

where ttb = vr o vrx is the projection Y ^ B. Or in the context of our 
hypothesis A4, we want to show that 

(3.9) -G-r„ = 0(degC„) 

and thus arrive at a contradiction, where r„ C 1^ is the lift of C„ C X via 
its normalization and degC„ = C„ • X^. Here by 0(degC„), we mean a 
quantity < -ftrdegC„ for some constant K and all n. 

Obviously, (j3.7p holds if the divisor G is numerically effective (NEF). 
Unfortunately, we cannot expect this to be true in general. 
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The map Ox (log D) ilx/B{D) in (13. 2p induces a rational map 
(3.10) ¥Tx/b{-D) Y. 

Let A C y be the closure of the image of this map. As we are going to see, 
A will play a central role in our argument. Another way to characterize A 
is the following. 

Lemma 3.1. We have 



(3.11) A = J /xy(X,) 

and a curve v : C ^ X is tangent to a fiber Xb if and only if i^y(C) 
intersects A, where fiy Xh ^ Y is the lifting of the embedding X^ ^ X. 

Proof. This is more or less trivial. □ 

3.2. Some Numerical Results. Here we prove some numerical results on 
A, L and G, which we are going to need later. First of all, it is obvious that 
TTx maps A birationally one to X; indeed, by a local analysis, we see that A 
is the blowup of X along Dsmg, i-e., the places where fix (log D) Qx/b{^) 
failes to be surjective. In the lift of : C ^ X to i^y : C — > 1", if is a 
smooth embedding, we have 

(3.12) {iyYTL = ioc + i^~HD) 

where v^^{D) = supp{u*D) is the reduced pre-image of D. Namely, (j3.4p 
is an isomorphism. Therefore, for every fiber Xi,, 

(3.13) L-Xb = 2giXb)-2 + ixiXb,D) 

where Xb C A is the proper transform of Xf, under A ^ X. Applying this 
to all the fibers Xb with Xb n -Dging / 0; we see that 

(3.14) L\^=Tr*x{iOx/B + D + TT*M)-E 
for some divisor M on B, where 

(3.15) E= E, 

<?e-Dsing 

is the exceptional divisor of A ^ X. To determine M, we restrict everything 
to a section Xp = p~^{p) of X/B, where p is the projection X —>-F^. For p 
general, the restriction of ()3.2p to Xp = B becomes 

(3.16) fix, -> fix (log D) I -> Ox,{D) 

Let Ap be the proper transform of Xp under A ^ X. Then we see from 
(j3.16p that the restriction of L to Ap = B is 

(3.17) L\a,=''xD 

Comparing (I3.14P and (j3.17p . we conclude that M is trivial and hence 

(3.18) L\^ = 7r*x{i0x/B + D)-E 
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As a consequence, 



G 

(3.19) 



^ = ((1 + e)L + vrljM - 7r^(wx/iJ + D)) 



= e^*x{^x/B + D) + tt*bM - (1 + e)E 
Next, we claim that 

(3.20) A = L- tt*bUJb 

This is obviously true if (|3.2|) is an exact sequence of locally free sheaves, 
i.e., L'sing = 0- To see this is true in general, we restrict everything to a 
smooth curve C C X with C n Dsing = 0- By the above reason, (I3.20p holds 
when restricted to 7rj^^(C). Such curves C obviously generate Pic{X) and 
hence (I3.20p holds over Y. 

By restricting (13. 2p to each fiber Xi, of X/B, we see that L is relatively 
NEF over B. Moreover, the following holds. 

Lemma 3.2. For all m > k & Z, niL — kA is relatively EPF over B and 

(3.21) i?^(m(L + 7r|jM)-A;A) = 
for a sufficiently ample divisor M C B. 

Proof. Since ci(J7x(log-D)) = i^x + D, the restriction of Qxi^ogD) to a 
fiber Xb = is 

(3.22) nx{logD)\^^ = Opi(/3) e Opi(7) 
where 

(3.23) (3 + ^ = a = (ux/B + D) ■ X^. 
By (|3.2p . we must have /9,7 > 0. Therefore, 

(3.24) n = P(Opi(-/5)©Opi(-7)) 

and together with ()3.20p , we see that mL — kA is relatively NEF over B for 
m > k. Also we see from the above argument that 

(3.25) H^iYb, mL-kA) = 0^ R^{iTB)*0{mL - kA) = 
This implies 

H^{m{L + 7r|jM) - kA) = H^{{^B)*0{m{L + ^%M) - kA)) 
^^■^^^ = H\{ttb)*L"'~^ (g) OsikujB + mM)) 

By ([321]), 

(3.27) Sym" H^Yb, L) = H^Yb, L"). 
Therefore, 

(3.28) H^{m{L + 7r|jM) - A;A) = F^(Sym™-'=(7rij),L » ©^(fccJij + mM)) 

It suffices to choose M such that all of M, a;^ + M and p^L® Ob[M) are 
ample and (j3.2ip follows. □ 
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Remark 3.3. It is possible to give a more precise version of ()3.2ip on how 
ample M should be in terms oi ujb and D; however, we have no need for it 
here. Also in the above proof, we observe that L fails to be ample on Yj, if 
and only if (j3.22p splits as 

(3.29) QxC^ogD)]^^ = Opi e Opi(a) 

If ()3.29|) holds on a general fiber Xi,, it holds everywhere and this only 
happens when D consists of a + 2 disjoint sections of X/B, in which case 
the conjecture is trivial. Hence we may assume that L is ample on a general 
fiber of Y/B. This implies that L + vr^M is big for a sufficiently ample 
divisor M C -B, in addition to being NEF as already proved. The same, of 
course, holds for mL — kA + tt^M when m> k. 

3.3. Bergman Metric. Given a line bundle L on a compact complex man- 
ifold X and sections so,si,...,s„ S \L\ of L, we recall the Bergman metric 
associated to {s^} is the pullback of the Fubini-Study metric under the map 
X P" given by {s^}, i.e., the pseudo-metric with associated (1, 1) form 

(3.30) ^ = ^aoiog(^|c,,|2 j 

Alternatively, Fubini-Study metric can be regarded as a metric of the line 
bundle C'pn(l) and the Bergman metric is correspondingly a pseudo-metric 
of L with w the curvature form. In general, w is only a closed real current 
of type (1,1) with the following properties: 

• it is C°° outside of the base locus Bs{sfc} of {sfc}; 

• it represents ci(L) if {s^} is EPF; 

• we always have 

(3.31) z^*'u; is C°°,z^*u' > and deg(z^*L) > / v*w 

Jc 

for any morphism i' : C ^ X from a smooth and irreducible projec- 
tive curve C to X with J^(C) ^ Bs{s/;:}. 

The indeterminancy of the rational map : X --^ P" given by {sk} can be 
resolved by a sequence of blowups along smooth centers over Bsjsfc}. That 
is, there exists a birational map n : Y ^ X such that / = o vr is regular. 
Let Sk be the proper transform of Sk under vr. Then {sk} span a EPF linear 
system of L = /*Opn(l). Let w be the Eergman metric associated to {sk}- 
Then w = 7t*w outside of exceptional locus of vr. Indeed, the current w is 
defined in the way of 

(3.32) {w,j) = j wAtt*j 



Then (I3.3ip follows easily. 
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3.4. Construction of the 1st chern classes. Let 

(3.33) 7T*x{uJx/B + D) = aYp + 7r*BN 

for some divisor N C B, where 1^ is a fiber of Y/F^. We replace M by 
M + N and write G in the form 

(3.34) G = {l + e)L + tt%M - aYp 
Our purpose remains, of course, to show (|3.9p . 



We write the LHS of (13. 9p in the integral form: 

(3.35) G-Tn= I ci{G)= [ ci{G)+ [ ci(G) 

Jr„ Jr„\u Jr„nu 

where U is an (analytic) open neighborhood of A. Here we have to work 
with the forms that represent the first chern classes instead of cohomology 
classes themselves, i.e., ci{G) refers to a (1,1) form representing the first 
chern class of G; otherwise, the integrals in (I3.35P do not make sense. The 
construction of appropriate ci{G) is one of the main parts of our proof. 
Basically, by a proper choice of ci{G) with 

(3.36) ci (G) = ci ((1 + e)L + tt^M) - ci (aYp) 
we will show that both 

(3.37) - / ci{G) and - [ ci{G) 

Jr„\u Jr„nu 

have order of O(degCn). The forms representing ci((l + e)L + 7r|jM) and 
ci{aYp) are constructed via Bergman metric mentioned above. 

Let us first fix a sufficiently large integer m with me £ Z; obviously, we 
may assume e G Q. Since H^{maYp) = {O^i (ma)) , a general pencil of 
maYp is BPF. To construct a form w representing ci{maYp), it is enough 
to choose a BPF pencil of maYp with basis {sq, si} and let 

(3.38) y; = ^aoiog(|so|2 + |si|2) 

be the Bergman metric associated to {sqj'Si}- Obviously, w is C°° and 
represents Ci{maYp). Next we will construct a Bergman metric on the line 
bundle Oy (m(l + e)L + mn^M). 

Let Si = {si = 0} for z = 0, 1 and let {aoj : j G J} be a basis of the linear 
system of m(l + e)L + mvr^M consisting of sections a with 

(3.39) a e H^{So,m{l+s)L + m7:%M -2A) 

So 

Or equivalently, aoj are the sections tangent to 5*0 along 5*0 H A. 

Lemma 3.4. For each j, there exists a section aij of m{l + e)L + mir'^M 
such that soaij — sia^j vanishes to the order of 2 along A, i.e., 

(3.40) soaij - siaoj £ H°{m{l + e)L + mn^M + maYp - 2A) 
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In addition, {dij} can be chosen to be a basis of the linear system consisting 
of sections a with 

(3.41) a e H^{Si,m{l + e)L + m7r%M -2A) 

Si 

Proof. Let -Fq be the subscheme of Y given by Fq = S'o H 2A. Then we have 
the Koszul complex for the ideal sheaf of Fq C Y: 

(3.42) -> 0{-So - 2A) -> 0{-So) © 0(-2A) -> I^o -> 
Obviously, 

(3.43) ^0 = H^{OY{m{l + e)L + mTT%M) Ipo) 

is exactly the linear system Span{(Toj} generated by {o"oj}. By Lemma [3^ 

H^(m(l + e)L + rmrJ^M + maY„ - Sq - 2A) 

(3.44) 1 

= H^{m{l + e)L + mir^M - 2A) = 

Therefore, AF + BG holds for 

(3.45) siGQj H^{OY{m{l+£)L + rmT'%M + maYp)®lFo) 
That is, 

(3.46) sifJoj = SQaij + s\lj 

for some ciij, where A = {sa = 0} and Ij is a section of 

(3.47) Oy(m(l+e)L + m7r|jM + mayp-2A) 

And (j3.40p follows. Obviously, aij are members of the linear sytem 

(3.48) Si = H^{OY{m{l + e)L + mTT*BM)(^lF^) 

where Ip^ is the ideal sheaf of the subscheme Fi = S*! n 2 A <Z Y . It is 
obvious that 

(3.49) /7°(m(l + e)L + m7r|jM-2A) C SonSi 
It is not hard to see that {<7ij} spans the quotient 

(3.50) Si/i?°(m(l + e)L + rnvr^jM - 2A) = Span{o-ij} 

Without loss of generality, we may assume that {cjQj : j £ J} contains a 
subset {aoj : j E J a} which is a basis of i?°(m(l + e)L + mn^M - 2A), 
where Ja C J. Then it is enough to choose aij = a^j for j G Ja- Combining 
this with (j3.50p . we see that is a basis of Si. □ 

Let aij be the sections given in the above lemma. Together with {cTQj} 
we have the Bergman metric associated to {a^j : < i < l,j G J} 

(3.51) 7 = 
And we let 

(3.52) r] = ^ — w 
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Proposition 3.5. Let Sj be the linear system generated by {aij : j G J} 
as in (I3.43P and (13.481) . For each i, the base locus of Sj is contained in 
{Yq U Si) n A, where Q = TT{Dsing) C B is the finite set defined in A5 and 

Proof. Since H°{m{l+e)L+m7T%M -2A) C Ej, the base locus Bs(Ej) of 
is contained in A by Lemma [3.2[ So it suffices to show that Bs(Sj) C YgUSi. 

Let Fi = SiD 2A be the subscheme of Y defined in the proof of Lemma 
13. 4[ We have the exact sequence 



-> C'y(m(l + e)L + mir^M - 2A) 
-> Oy (m(l + e)L + rmr%M) ® Ip^ 

OA{'m{l + e)L + 7mT%M -Si)(^OY/ll 



OA{mG) 

where Ia = Cy(— A) is the ideal sheaf of A C y. Again by Lemma 13.2^ 
i?^(C'y(m(l + e)L + mvrljM — 2A)) = and hence we have the surjection 

Si ^ H^{OA{m{l + e)L + rnvr^jM - Si) Oy/ll) 

(3.54) 

^H°{OA{mG)^OY/li) 
Composing the above map with 

ip : H^{OA{mG) ® Oy/ll) ^ H\OA{mG) ® Oy/Ia) 

(3.55) „ 

= H\OA{mG)) 

we have a natural map 

(3.56) f -.^.^H^iOAimG)). 

To show that Bs(Sj) C Yq U Si, it is enough to show that 

(3.57) Bs(/(S,)) C Yq 
which is equivalent to 

(3.58) Bs(Im((^)) C Yq 

by (j3.54p . For M C B sufficiently ample, we have the diagram 

(3.59) H^iOAimG) Oy/ll) H\Ab, OAimG) Oy/ll) 



H°{OA{mG)) H^{At, OA{mG)) 

with rows being surjections when we restrict f to each fiber A^ of A/B. 
Therefore, it suffices to show that 

(3.60) Bs(Im((^fe)) = 



for all h^Q. 
(3.61) 
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This is more or less obvious since we have the exact sequence 
/A//i OyI1\ Oy//A — - 



Oa(-A) Oa 

When we tensor the sequence by (Di\{mG) and restrict it to A;, = P"^ with 
h ^ Q^we have 

(3.62) /i^(Ab,C'A(mG- A)) = h^{0^i{{me - l)a)) =0 
by (I3.19P and (I3.20p . Consequently, ip^ is surjective and 

(3.63) Bs(Im(v7b)) = Bs(//°(Ab, O^imG))) = Bs{H^{0^i {mea))) = 

□ 

Remark 3.6. It is not hard to see that the above proposition continues to 
hold with tangency 2 replaced by any // < me. Moreover, being a little more 
careful, we can actually show that 

(3.64) Bs(Si) = 1q U {Si n A) 

where Xq C A is the proper transform of Xq = ir^^iQ) under the map 
A — > X. However, we have no need for these here. 

By the above proposition, we see that the base locus of {aij : is 
supported on Y^n A. Consequently, 7 is a closed (1,1) current which is C°° 

ony\(yonA). By dMID, 

-mG ■Tn< - V = - V- V 

(3.65) 

< / W — T] 

Jr„\u Jr^nu 

The fact that the first integral has order of 0(degC„) is a consequence of 
the following lemma. 

Lemma 3.7. Let U CY be an open neighborhood of A, w be a smooth (1, 1) 
form on X and k be a positive smooth (1, 1) form on B. Then there exists 
a constant Ajj > such that at every point {p, v) £ Y\U 

(3.66) \{w,v Av) \ < Au{tt*k, v Av) 
where p £ X and v £ Tx,p{— logD). 

Proof. By Lemma l3.lt {'7t*k, v Av) does not vanish for (p, v) ^ A and hence 
the function 

(3.67) /(p,„,= (^ViiM^ 

[TT K, V Av) 

is continuous on y\A. Then (j3.66|) follows from the compactness of Y\U. 

□ 
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Note that w is the pullback of a form on X; indeed, it is the pullback of 
a form on So Lemma 13.71 apphes and we conclude that 

(3.68) w < Autt*bH 

on Tn\U for some constant Ajj depending only on [/, where we choose k 
to be a positive (1, 1) form on B representing ci(C'b(&)) for a point b £ B. 
Therefore, 

(3.69) / w<Au [ Tr*BK = Audeg{Cn) 
Jr„\u Jvn 

Next, we claim that rj > everywhere on A\Yq. 
Lemma 3.8. The current rj > at every point p £ A\Yq. 

By (j2.38p . there exists an open neighborhood V of Yq such that 



(3.70) / w < e{maYp ■ Tn) 

Jr„nv 

By the above lemma and the compactness of A\l/, we see that r/ > in 
U\V for some open neighborhood U of A. The second integral in ()3.65p 
becomes 



ri < — V + 

(3.71) Jr„nu Jr„n{u\v) Jr„nv 

< e{maYp ■ r„) = me{LOx/B + D) ■ C„ + 0(degC„) 
Combining (|3.69|) and (j3.7ip . we have 

- G • r„ = e{u;x/B +D)-Cn + 0(deg Cn) 

(3 72) 

^' ' ^ -{{l + e)L + n%M-{l-e)TT\{ujx/B + D))-T^ = 0{degCn) 
Replace e by e/(2 + e) and we are done. It remains to verify Lemma 13.81 

Proof of Lemma \3.8[ . At least one of so(p) and si{p) does not vanish. Let 
us assume that so{p) ^ WLOG. Let rj = croj/so; rj is holomorphic at p, 
of course. Let 6j = aij — s^rj. By our construction of aij, we see that 6j 
vanishes to the order of 2 along A. We may write 



^^^95 log ^^(Iso'-jf + \sirj + 



(3.73) = -ir^ddlog{\so\'^ + jsil^) +—^ddlog | ^ \rj\ 




-ddiog 1 + 
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Basically, we want to show that the last term in (I3.73|) vanishes along A. 
Then 



(3.74) 



rj 



-1 



27r 



dd log ^ I 



locally at p, which is positive. 

Since rj is C°° at p, it is enough to show that r/ > at p when rj is 
restricted to every curve passing through p, i.e., to show that f*r] > at g 
for every nonconstant morphism f : C ^ Y from a smooth and irreducible 
projective C to y with f{q) = p. Indeed, it is enough to show the following 

for every tangent vector ^ G Ty^p, there exists a morphism 
f : C ^ Y from a smooth irreducible curve C to y with 
f{q) =p,^£ f*Tc,q and f*r] >0 at q. 
Therefore, we can also exclude the curves contained in a fixed proper sub- 
variety of Y. So we may assume that /(C) {Z! A U W, where C y is the 
subvariety such that 

(3.75) L • r = for a curve T^T CW 

Such W exists because L is big and NEF (see Remark l3.3p . Let 

(3.76) dc,g = C[[t]] 

be the formal local ring oi C at q and fj, be its valuation, i.e., //(t") = n. Let 

(3.77) fiifsA) = A 

where A = {sa = 0}. Then fi{f*5j) > 2A. And since {aoj} and hence {rj} 
are BPF at p, we have 

' sirj6j + sifj6j + |(5jp 



(3.78) 



S\so\' + \si\')E, 
Therefore, we obtain 



(3.79) 



27r 



-f*dd log 



0((^* + (^* + |*|") 



sirj5j + siVjdj + \5j 



{\so\ 



^ + NiP)E, 



. .12 



by the Taylor expansion of the LHS. Consequently, 



-1 



27r 



f*dd\og ^ \rj\ 



(3.80) 



27r 



-991og 5]|/Vo,| 



Since i70(m,(l + e)L + m7r|jM - 2A) C Sq and /(C) ^z: A U VF, the linear 
system /*So is big on C. Therefore, /*r/ > Q at q and 77 > at p. □ 
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